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1. Introduction. We consider n n matrices A = a ij o ver an in nite eld F. A matrix is said to be a partial matrix if some of its entries are given elements from the eld F, while the rest of them can be arbitrarily chosen and treated as free independent v ariables. If those last elements are xed, the resultant matrix is called a completion A c of the matrix A. The completion problems consist of nding all the completions of a given partial matrix with prescribed properties. We are interested in partial upper triangular matrices, namely, partial matrices A = a ij where a ij , i j, are the given elements. For this kind of matrices some completion problems have been studied. For example, problems related to the rank of the matrix can be found in 9 , to eigenvalues in 1, 9 , to Jordan form in 2, 7 , 8 , 9 and to controllability of linear systems in 3, 4 .
Let A be a partial matrix. We denote by rA the minimal rank of all possible completions of A, that is, rA = min Ac rankA c where the minimum is taken over the set of all the ranks of possible completions of A. Moreover, for any positive i n teger k, w e denote rA k = min Ac rankA c k , where the minimum is taken over the set of all the ranks of the kth power of possible completions of A.
We recall that a matrix A is lower similar to a matrix B we denote A B if there exists a lower triangular matrix S such that A = SBS ,1 . In addition, a matrix A of size n n is said to be lower irreducible if all its k n , k submatrices i=1; j =k+1 are nonzero for k = 1 ; 2; : : : ; n , 1. Given two nonincreasing sequences of nonnegative i n tegers fk i g p i=1 and fq i g r i=1 , we s a y that fk i g p i=1 majorizes fq i g r i=1 , denoted fk i g p i=1 f q i g r i=1 , i f 1 Note that the right hand side of 1 is the rank of A k c provided that A c is a nilpotent completion of A with the described Jordan form. The necessity of 1 is therefore evident.
Rodman and Shalom prove the above conjecture when rA = 1 see 9 , Theorem 3.2 or in general for matrices of size n 4 see 9 , Theorem 3.3. In 5 w e prove that this conjecture is not true in general for matrices with minimal rank equal to three and for matrices of size n n, n 6.
In this paper we prove that this conjecture is true in two remaining cases: when rA = 2, and for matrices of size 5 5.
Let A 0 be the completion obtained by replacing the unspeci ed elements by zero.
We denote by J q theJordan block with eigenvalue . a a 1n 6 = 0 .
By lower similarity w e cancel the j; nth entry and all the entries in the rst row, except the 1; 1th entry. Since the matrix A 1 is lower similar to the matrix A, its minimal rank is equal to two, and then the jth row has a nonzero entry. Let us assume that:
a1 a jt , j t n , is the rst nonzero entry beginning from the right.
By lower similarity w e can cancel all the entries in this row, except the element a jj . We obtain the matrix If the sequence fn i g p i=1 satis es condition 2, then it majorizes the sequence fq i g n,2 i=1 .
By performing the permutation 1; n ; 2; 3; : : : ; j , 1; j ; t ; j + 1 ; : : : ; t , 1; t + 1 ; : : : ; n , 1 of rows and columns in the matrix A 2 and by applying the algorithm of 6 to the new matrix see Appendix, Part I we obtain a completion of the matrix A 2 such that its ELA :
This matrix satis es that rA 3 = 2 a n d rA 2 3 = 1 . The Jordan form of the completion A 30 consists of n , 2 blocks of size q 1 = 3; q 2 = = q n,2 = 1 .
Therefore, rA = rA 3 = rankA 30 = 2 , rA 2 = rA 2 3 = rankA 2 30 = 1 a n d rA 3 = rA 3 3 = rankA 3 30 = 0 .
If the sequence fn i g p i=1 satis es condition 2, then it majorizes the sequence fq i g n,2 i=1 .
By applying the method given in Appendix, Part II, we obtain a completion of the matrix A 3 , such that its Segre characteristic is fn i g p i=1 . a2 a jj is the only nonzero entry in the jth row.
By lower similarity w e can transform the matrix A 1 into A 2 = :
It is easily proved that the Jordan form of the completion A 20 consists of n,2 blocks of size q 1 = 3 and q 2 = = q n,2 = 1, and that if the sequence fn i g p i=1 satis es condition 2, then it majorizes the sequence fq i g n,2 i=1 . By performing the permutation 1; j ; n ; 2; 3; : : : ; n , 1 of rows and columns in the matrix A 2 , and by applying the algorithm of 6 see Appendix, Part I we obtain a completion of the matrix A 2 such that its Segre characteristic is the sequence fn i g p i=1 . b a 1n = 0 and a jn 6 = 0 . ; where a 1t is the rst nonzero entry in the rst row, starting from the right. Now, we can distinguish the following subcases. :
ELA
We prove easily that the Jordan form of the completion A 30 consists of n , 3 blocks of size q 1 = 4 and q 2 = = q n,3 = 1, and again that if the sequence fn i g p i=1 satis es 2, then it majorizes the sequence fq i g n,3 i=1 . By performing the permutation 1; j ; t ; n ; 2; 3; :: : ;n, 1 of rows and columns in the matrix A 3 , and by applying the algorithm of 6 to this new matrix see Appendix, Part I we a c hieve the desired completion.
If a 1j 6 = 0 , b y applying lower similarity to the matrix A 3 we obtain a new matrix as in the case b1 with a 1j 6 = 0 .
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The next theorem proves that the above conjecture is true for matrices of size 5 5. Proof. Rodman and Shalom proved this theorem for rA = 1 i n 9 . As we h a ve seen in Theorem 2.1, this result is also true when rA = 2 . I f rA = 4 the result follows by applying Theorem 2.1 of 9 . Therefore, we can assume that rA = 3 .
If rA Again, the last one exists by Theorem 2.1 of 9 . The rst structure exists as well because otherwise the minimal rank of A 3 cannot be zero. Therefore, we can assure that rA 2 = 1. Next we prove the existence of a nilpotent completion of the matrix A such that its Segre characteristic is f4; 1g. In general given a matrix A = ; where the matrix S ij , for i j , i = 2 ; 3; : : : ; pand j = 1 ; 2; : : : ; p , 1, has its rst column formed by unknown elements, and the other entries equal to zero.
c Apply the Algorithm given in 6 to the matrixÃ in order to obtain a completioñ A c such that its Segre characteristic is fm j g s j=1 .
d Obtain the block reduction to the rst column ofÃ c and callÃ c1 the matrix obtained.
The matrixÃ c1 is also a completion of M 3 . Since the matrix T is an admissible similarity, TÃ c1 T ,1 is a completion of M 2 and therefore of M 1 with the desired characteristic.
